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RIGIDITY IN HYPERBOLIC DEHN FILLING
BOGWANG JEON
WITH AN APPENDIX BY IAN AGOL
Abstract. This paper concerns with a rigidity of core geodesics in hyper-
bolic Dehn fillings. For instance, for an n-cusped hyperbolic 3-manifold M
having non-symmetric cusp shapes, we show any Dehn filling of M with
sufficiently large coefficient is uniquely determined by the product of the
holonomies of its core geodesics. We also explore various implications of the
main results. An appendix by I. Agol provides an alternative geometric proof
of one of the corollaries of our main arguments.
1. Introduction
1.1. Main results
The following is the main statement of Thurston’s hyperbolic Dehn filling theory:
Theorem 1.1 (Thurston). Let M be an n-cusped hyperbolic 3-manifold and
M(p1/q1,...,pn/qn) be its (p1/q1, . . . , pn/qn)-Dehn filling. Then M(p1/q1,...,pn/qn) is
hyperbolic for |pi|+ |qi| (1 ≤ i ≤ n) sufficiently large.
Topologically, M(p1/q1,...,pn/qn) is obtained by adding n-geodesics to M so
called the core geodesics of M(p1/q1,...,pn/qn). The following theorem was also
proved by Thurston as a part of his hyperbolic Dehn filling theory:
Theorem 1.2 (Thurston). Let M and M(p1/q1,...,pn/qn) be the same as above.
(1) For |pi|+ |qi| (1 ≤ i ≤ n) sufficiently large, the first n-shortest geodesics
of M(p1/q1,...,pn/qn) are its core geodesics.
(2) The lengths of core geodesics all converge to 0 as |pi|+ |qi| → ∞.
In this paper, we prove a strong rigidity of core geodesics in hyperbolic Dehn
fillings. Before stating the main results of the paper, we first introduce
Definition 1.3. Let M be an n-cusped hyperbolic 3-manifold with cusp shapes
τ1, . . . , τn. We say M has non-symmetric cusp shapes if, for any i, j (1 ≤ i 6=
j ≤ n), there are no a, b, c, d ∈ Z such that
τi =
aτj + b
cτj + d
If M has non-symmetric cusp shapes, then there is no self-isometry of M
sending one cusp to another. Also note that the above definition implies each τi
is non-quadratic.
Now we state the first main result of this paper:
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Theorem 1.4. LetM be an n-cusped hyperbolic 3-manifold having non-symmetric
cusp shapes. Let{
t1(p1/q1,...,pn/qn), . . . , t
n
(p1/q1,...,pn/qn)
}
(where |ti(p1/q1,...,pn/qn)| > 1)
be the set of holonomies of (p1/q1, . . . , pn/qn)-Dehn filling ofM. For sufficiently
large |pi|+ |qi| and |p′i|+ |q′i| (1 ≤ i ≤ n), if
n∏
i=1
(
tji(p1/q1,...,pn/qn)
)ai
=
n∏
i=1
(
t
j′i
(p′1/q
′
1,...,p
′
n/q
′
n)
)a′i
, (1.1)
then (
tji(p1/q1,...,pn/qn)
)ai
=
(
t
j′i
(p′1/q
′
1,...,p
′
n/q
′
n)
)a′i
,
for each 1 ≤ i ≤ n. Moreover, if ai 6= 0, then
pi/qi = p
′
i/q
′
i.
When ai = a
′
i = 1 for all i, the above theorem implies
Corollary 1.5. LetM and ti(p1/q1,...,pn/qn) be the same as above. For sufficiently
large |pi|+ |qi| and |p′i|+ |q′i| (1 ≤ i ≤ n),
n∏
i=1
ti(p1/q1,...,pn/qn) =
n∏
i=1
ti(p′1/q′1,...,p′n/q′n)
iff
(p1/q1, . . . , pn/qn) = (p
′
1/q
′
1, . . . , p
′
n/q
′
n).
Corollary 1.5 implies
Corollary 1.6. LetM and ti(p1/q1,...,pn/qn) be the same as above. For sufficiently
large |pi|+ |qi| and |p′i|+ |q′i| (1 ≤ i ≤ n),{
t1(p1/q1,...,pn/qn), . . . , t
n
(p1/q1,...,pn/qn)
}
=
{
t1(p′1/q′1,...,p′n/q′n)
, . . . , tn(p′1/q′1,...,p′n/q′n)
}
iff
(p1/q1, . . . , pn/qn) = (p
′
1/q
′
1, . . . , p
′
n/q
′
n).
As mentioned earlier, I. Agol will give a simple geometric proof of the above
corollary in the appendix. See also [6].
Combining with Theorem 1.2, Corollary 1.6 induces
Corollary 1.7. Let M be the same as above. For sufficiently large |pi| + |qi|
and |p′i|+ |q′i| (1 ≤ i ≤ n),
M(p1/q1,...,pn/qn) ∼=M(p′1/q′1,...,p′n/q′n)
iff
(p1/q1, . . . , pn/qn) = (p
′
1/q
′
1, . . . , p
′
n/q
′
n).
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1.2. Complex volume
1.2.1. A question of Gromov The following theorem is due to Thurston:
Theorem 1.8 (Thurston). Let M be an n-cusped hyperbolic 3-manifold. Then
volM(p1/q1,...,pn/qn) < volM
for any (p1/q1, . . . , pn/qn) and
volM(p1/q1,...,pn/qn) → volM
as |pi|+ |qi| → ∞ (1 ≤ i ≤ n).
As a corollary, it follows that the number NM(v) of hyperbolic Dehn fillings
of M having the same volume v is always finite. In 1979, Gromov raised the
following question in his Bourbaki note [7]:
Question 1 (Gromov). For a given n-cusped hyperbolic 3-manifold M, does
there exist c such that
NM(v) < c
for any v ∈ R?
Recently, the author answered the question partially as follows:
Theorem 1.9. [12] LetM be a 1-cusped hyperbolic 3-manifold whose cusp shape
is quadratic. Then there exists c depending only on M such that
NM(v) < c
for any v ∈ R.
The volume and Chern-Simons (CS) invariant of M are often considered
simultaneously as the imaginary and real parts of the same complex number, so
one defines the complex volume of M as1
volCM := volM+ i CSM mod ipi2Z.
Let NCM(v) be the number of Dehn fillings of M whose complex volumes are
equal to v ∈ C (modulo ipi2Z). Then one may ask the following natural analogue
of Question 1.
Question 2. Let M be an n-cusped hyperbolic 3-manifold. Does there exist c
such that
NCM(v) < c
for any v ∈ C?
A quantitative approach to Theorem 1.8 was obtained by Neumann-Zagier in
[14], and later it was further generalized by T. Yoshida [17].
Theorem 1.10 (Neumann-Zagier, Yoshida). Let M be an n-cusped hyperbolic
3-manifold. Then
volCM(p1/q1,...,pn/qn) ≡ volCM−
pi
2
log
( n∏
i=1
ti(p1/q1,...,pn/qn)
)
+(p1/q1, . . . , pn/qn) mod ipi
2Z
where (p1/q1, . . . , pn/qn)→ 0 as |pi|+ |qi| → ∞ (1 ≤ i ≤ n).
1Note that CS M is well defined modulo pi2Z.
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By the above theorem, log
(∏n
i=1 t
i
(p1/q1,...,pn/qn)
)
is the majority part of the
complex volume ofM. Now we define the pseudo complex volume ofM(p1/q1,...,pn/qn)
as
pvolCM(p1/q1,...,pn/qn) := volCM−
pi
2
log
( n∏
i=1
ti(p1/q1,...,pn/qn)
)
mod ipi2Z.
Then Corollary 1.5 immediately implies
Theorem 1.11. LetM be an n-cusped hyperbolic 3-manifold having non-symmetric
cusp shapes. Then any Dehn filling of M with sufficiently large coefficient is
uniquely determined by its pseudo complex volume.
The following conjecture is now plausible:
Conjecture 1. LetM be an n-cusped hyperbolic 3-manifold having non-symmetric
cusp shapes. Then
NCM(v) = 1
for any v ∈ C sufficiently close to volCM (modulo ipi2Z).
1.2.2. Linear independence of pseudo complex volumes over Q If a hyperbolic
3-manifold M is a covering space of N , then it is well-known that vol M is a
constant multiple of vol N . More generally, if two hyperbolic 3-manifolds belong
to the same commensurability class, then their volumes are rationally related.
The following problem was proposed by Thurston in [16] and has been re-
mained unsolved:
Problem 1 (Thurston). Show that volumes of hyperbolic 3-manifolds are not
all rationally related.
We consider an analogous problem for the pseudo complex volume case and
get the following theorem. This is the second main result of the paper.
Theorem 1.12. LetM be a 1-cusped hyperbolic 3-manifold having non-quadratic
cusp shape and Mp/q be its p/q-Dehn filling. For n > 0, if
{p1/q1, . . . , pn/qn}
is n distinct Dehn filling coefficients with |pi|+ |qi| (1 ≤ i ≤ n) sufficiently large,
then there are no ai ∈ Q\{0} (1 ≤ i ≤ n) such that
a1pvolCMp1/q1 + · · ·+ anpvolCMpn/qn ≡ 0 mod ipi2Z.
Inspired from this, we propose the following conjecture:
Conjecture 2. LetM be an 1-cusped hyperbolic 3-manifold having non-quadratic
cusp shapes. For any n > 0, the volumes of n distinct Dehn fillings of M with
sufficiently large coefficients are linearly independent over Q.
Finally we have the following definition and theorem.
Definition 1.13. We say that α1, . . . , αn ∈ Q are multiplicatively independent
if
αa11 · · ·αann 6= 1
for any (a1, . . . , an) ∈ Zn\{0, . . . , 0}.
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Theorem 1.14. LetM be an n-cusped hyperbolic 3-manifold having non-symmetric
cusp shapes. Then, for sufficiently large |pi| + |qi| (1 ≤ i ≤ n), the holonomies
of M(p1/q1,...,pn/qn) are multiplicatively independent.
1.3. Key idea
The basic strategy is similar to the one attempted in [11]. Let M be an n-
cusped hyperbolic 3-manifold and X be its A-polynomial. If there exist two
Dehn fillings of M satisfying (1.1), there exists a nontrivial intersection point
between X ×X (⊂ C4n) and an algebraic subgroup of codimension 2n+1. Thus if
there are infinitely many such pairs of hyperbolic Dehn fillings, we get infinitely
many algebraic subgroup {Hi}i∈I of codimension 2n+ 1 satisfying
(X × X ) ∩Hi 6= ∅ (i ∈ I). (1.2)
In [11], we assumed the Zilber-pink conjecture to get the main arguments there.
But in this paper, instead of the Zilber-Pink conjecture, we use a slightly weaker
conjecture so called the torsion openess conjecture formulated by Bombieri-
Masser-Zannier in [3]. We prove the conjecture for a special case, locally near
a small neighborhood of the identity for the A-polynomial of any cusped hy-
perbolic 3-manifold. Since most Dehn filling points are distributed near a small
neighborhood of the identity, this partial solution suffices for our purpose.
It was proved by the author that the height of any point (1.2) is uniformly
bounded (see Theorem 2.4). Also, by the work of Bombieri-Masser-Zannier,
the degree of any (1.2) is uniformly bounded except for those points lying over
torsion anomalous subvarieties of X ×X (see Theorem 3.2). Since there are only
finitely many algebraic number of bounded height and degree, we get, possibly
except for finitely many, almost all of⋃
i∈I
(X × X ) ∩Hi (1.3)
are contained in arbitrarily many torsion anomalous subvarieties of X ×X . Now
thanks to the aforementioned partial solution of the torsion openess conjecture,
locally near the identity, the union of infinitely many torsion anomalous sub-
varieties of X × X are contained in only a finite number of maximal torsion
anomalous subvarieties of X × X (see Theorem 3.3).
In conclusion, (1.3) is contained in the union of only finitely many torsion
anomalous subvarieties of X ×X . Finally, we get the desired result by analyzing
the structure of each maximal torsion anomalous subvariety of X × X .
1.4. Outline of the paper
In Section 2, we study some necessary background. We go over basic concepts
and theorems required in later sections, but no new results will be proved in
this section. In Section 3, we provide preliminary lemmas and theorems needed
in the proofs the main theorems. In particular, we state the torsion openess
conjecture and prove it for a special case in Section 3.1. Section 4 is the heart
of the paper and Theorems 1.4 and 1.14 will be shown in this section. In fact,
we formulate and prove a stronger statement, and Theorems 1.4 and 1.14 then
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naturally follow as corollaries of this stronger one. Finally, we prove Theorem
1.12 in Section 5.
2. Background
2.1. A-polynomial
For a given n-cusped hyperbolic 3-manifold M, let Ti be a torus cross-section
of the ith-cusp of M and li,mi be the chosen longitude-meridian pair of Ti
(1 ≤ i ≤ n). The A-polynomial of M is defined as
Hom
(
pi1(M), SL2C
)
/ ∼, (2.1)
with the holonomies of li,mi (1 ≤ i ≤ n) parameters. We typically denote
the holonomies of li,mi by Mi, Li (1 ≤ i ≤ n). It is known that (2.1) is an
n-dimensional algebraic variety in C2n(:= (M1, L1, . . . ,Mn, Ln)) and (1, . . . , 1)
gives rise to the complete hyperbolic metric structure of M.
2.2. Dehn Filling
Let M be the same as above and
M(p1/q1,...,pn/qn)
be the (p1/q1, . . . , pn/qn)-Dehn filling of M. By the Seifert-Van Kampen theo-
rem, the fundamental group of M(p1/q1,...,pn/qn) is obtained by adding the rela-
tions
mp11 l
q1
1 = 1, ... ,m
pn
n l
qn
n = 1
to the fundamental group of M where mi, li (1 ≤ i ≤ n) are meridian-longitude
pairs as previously. Hence if X is the A-polynomial of M, then the discrete
faithful representation
φ : pi1(M(p1/q1,...,pn/qn)) −→ SL2C
corresponds to an intersection point between X and an algebraic subgroup de-
fined by
Mp11 L
q1
1 = 1, ... ,M
pn
n L
qn
n = 1. (2.2)
We call (2.2) the Dehn filling equations with coefficient (p1/q1, . . . , pn/qn) and a
point inducing the hyperbolic structure on M(p1/q1,...,pn/qn) a Dehn filling point
corresponding to M(p1/q1,...,pn/qn). Let
(M1, L1, . . . ,Mn, Ln) = (t
−q1
1 , t
p1
1 , . . . , t
−qn
n , t
pn
n ) (2.3)
where |ti| > 1 for each i (1 ≤ i ≤ n) be a one of the Dehn filling points corre-
sponding to M(p1/q1,...,pn/qn). Then the holonomy of each core geodesic msii lrii
where piri − qisi = 1 is
M sii L
ri
i = (t
−qi
i )
si(tpii )
ri = t−qisi+pisii = ti (1 ≤ i ≤ n). (2.4)
We define
{t1, . . . , tn}
as the set of holonomies of (2.3) or M(p1/q1,...,pn/qn).
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The following theorem is a part of Thurston’s hyperbolic Dehn filling theory
[14][15].
Theorem 2.1. Using the same notation as above,
(t−q11 , t
p1
1 , . . . , t
−qn
n , t
pn
n )→ (1, . . . , 1) ∈ C2n
and
(t1, . . . , tn)→ (1, . . . , 1) ∈ Cn
as |pi|+ |qi| → ∞ for 1 ≤ i ≤ n. Moreover,
|ti| 6= 1
for every 1 ≤ i ≤ n .
By Theorem 2.1, most Dehn filling points are lying on a small neighborhood
NX of (1, . . . , 1) in X . If
ui := logMi, vi := logLi (1 ≤ i ≤ n) (2.5)
where (M1, L1, . . . ,Mn, Ln) ∈ NX , then the following statements hold in a neigh-
borhood of the origin in Cn with u1, . . . , un as coordinates [14].
Theorem 2.2. (1) For each i (1 ≤ i ≤ n), there exists a holomorphic func-
tion τi(u1, . . . , un) such that τi(0, . . . , 0) = τi ∈ C\R and
vi = ui · τi(u1, . . . , un).
(2) There is a holomorphic function Φ(u1, . . . , un) such that Φ(u1, . . . , un) is
even in each argument, Φ(0, . . . , 0) = 0 and
vi =
1
2
∂Φ
∂ui
for each i (1 ≤ i ≤ n).
Thus the Taylor expansions of Φ(u1, . . . , un), vi(u1, . . . , un) are of the following
forms:
Φ(u1, . . . , un) =
n∑
j=1
τju
2
j +
∞∑
k=4,
k:even
∑
j1+···+jn=k,
jl:even(1≤l≤n)
cj1,...,jnu
j1
1 · · ·ujnn ,
vi(u1, . . . , un) = τiui +
1
2
∞∑
k=4,
k:even
∑
j1+···+jn=k,
jl:even(1≤l≤n)
jicj1,...,jnu
j1
1 · · ·uji−1i · · ·ujnn
(2.6)
respectively. We call τi the cusp shape of Ti with respect to li,mi and Φ(u1, . . . , un)
the Neumann-Zagier potential function of M with respect to li,mi (1 ≤ i ≤ n).
The complex manifold defined by
vi = ui · τi(u1, . . . , un) (1 ≤ i ≤ n) (2.7)
in C2n(:= (u1, v1, . . . , un, vn)) is denoted by logNX . Clearly NX and logNX are
locally biholomorphic to each other and we call NX the Dehn filling subset of
X .
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2.3. Generalized A-polynomial
We extend the class of A-polynomials. Let X be an A-polynomial of some n-
cusped hyperbolic 3-manifold (n ≥ 2) and H be an algebraic subgroup defined
by
Ma11 L
b1
1 · · ·Mann Lbnn = 1. (2.8)
Suppose (ai, bi) 6= (0, 0) and let
Pri : (M1, L1, . . . ,Mn, Ln) −→ (M1, L1, . . . ,Mi−1, Li−1,Mi+1, Li+1, . . . ,Mn, Ln)
(2.9)
be a projection from C2n to C2n−2. We denote the image of X ∩H under (2.14)
by Pri(X ∩H) and the algebraic closure of Pri(X ∩H) by Pri(X ∩H).2 Without
loss of generality, let i = 1 in (2.14). If the holomorphic representations of logNX
are given as in (2.6), then log(NX ∩H) is the intersection between (2.6) and
a1u1 + b1v1 + · · ·+ anun + bnvn = 0. (2.10)
Since (2.10) is equivalent to
u1 =
n∑
i=2
− ai + biτi
a1 + b1τ1
ui + higher degrees, (2.11)
by substituting (2.11) into (2.6), we get the holomorphic parametrizations of
log
(
Pr1(NX ∩H)
)
in C2n−2(:= (u2, v2, . . . , un, vn)) where each vi (2 ≤ i ≤ n) is
of the form
vi(u2, . . . , un) = τiui + higher degrees (2 ≤ i ≤ n). (2.12)
By abuse of notation, we call
τ2, . . . , τn
the cusp shapes of Pr1(X ∩H) and Pr1(NX ∩ H) the Dehn filling subset of
Pr1(X ∩H).
Motivated by this, we now extend the class of A-polynomials inductively as
follows:
Definition 2.3. Let χ
(0)
n (n ≥ 1) be the set of all A-polynomials of n-cusped
hyperbolic 3-manifolds. For X ∈ χ(k)n (k ≥ 0), suppose
X ⊂ C2n(:= (Mi1 , Li1 , · · ·Min , Lin)) (2.13)
where the coordinates in (2.13) are the same as in Section 2.2 for k = 0 and
obtained canonically by induction as below for k ≥ 1. For n ≥ 2, we define
χ
(k+1)
n−1 to be the set of all the algebraic closure of
Prj(X ∩H)
where X ∈ χ(k)n , H is an algebraic subgroup of codimension 1 defined by
Ma1i1 L
b1
i1
· · ·Manin Lbnin = 1, (aij , bij ) 6= (0, 0) (1 ≤ j ≤ n), (2.14)
and
Prj : (Mi1 , Li1 , . . . ,Min , Lin) −→ (Mi1 , Li1 , . . . ,Mij−1 , Lij−1 ,Mij+1 , Lij+1 , . . . ,Min , Lin)
2Note that Pri(X ∩H) is an (n − 1)-dimensional algebraic variety in (2n − 2)-dimensional
algebraic variety.
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is a projection from C2n to C2n−2. An element in
∞⋃
n=1
n−1⋃
k=0
χ(k)n
is called a generalized A-polynomial.
Note that X ∈ χ(k)n is an n-dimensional variety and it is the projected image
of the intersection between the A-polynomial Z of an (n+ k)-cusped hyperbolic
3-manifold and an algebraic subgroup H of coimension k. Let NZ be the Dehn
filling subset of Z. By abuse of notation, we call the projected image of NZ ∩H
in X the Dehn filling subset of X and denote it by NX . In fact, X possess similar
properties to A-polynomials of n-cusped hyperbolic 3-manifolds. For instance,
there are canonical coordinates Mij , Lij (1 ≤ j ≤ n) such that if
uij := logMij , vij := logLij (1 ≤ j ≤ n)
for (Mi1 , Li1 , . . . ,Min , Lin) ∈ NX , we get holomorphic representations of the
following forms
vj = τjuj + higher degrees (i1 ≤ j ≤ in)
with τj ∈ C\R. Similar to A-polynomials, we call
τi1 , . . . , τin (2.15)
the cusp shapes of X .3
If there exists an intersection point P between NX and an algebraic subgroup
defined by
Mp1i1 L
q1
i1
= 1, . . . ,Mpnin L
qn
in
= 1,
then P is of the following form:
(t−q11 , t
p1
1 , . . . , t
−qn
n , t
pn
n ) (2.16)
for some t1, . . . , tn ∈ C. By abuse of notation once again, if (2.16) is non-elliptic
(i.e. |ti| 6= 1 for all i), we call (2.16) a Dehn filling point of X associated with
filling coefficient (p1/q1, . . . , pn/qn) and
{t1, . . . , tn} (2.17)
the set of the holomomies of (2.16).
Now Theorem 2.8 can be generalized as follows:
Theorem 2.4. [9][10] For any generalized A-polynomial X , the height of any
Dehn filling point of it is uniformly bounded by some constant depending only on
X .
3Note that (2.15) is a subset of the cusp shapes of Z.
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2.4. Height
The height h(α) of an algebraic number α is defined as follows:
Definition 2.5. Let K be an any number field containing α, VK be the set of
places of K, and Kv,Qv be the completions at v ∈ VK . Then
h(α) :=
∑
v∈MK
log
(
max{1, |α|v}
)[Kv :Qv ]/[K:Q].
Note that the above definition does not depend on the choice of K. That is, for
any number field K containing α, it gives us the same value. If α = (α1, ..., αn) ∈
Qn is an n-tuple of algebraic numbers, the definition can be generalized as follows:
Definition 2.6. Let K be an any number field containing α1, ..., αn, VK be the
set of places of K, and Kv,Qv be the completions at v. Then
h(α) =
∑
v∈VK
log
(
max{1, |α1|v, ..., |αn|v}
)[Kv :Qv ]/[K:Q].
The following theorem due to D. Northcott.
Theorem 2.7 (D. Northcott). There are only finitely many algebraic numbers
of bounded height and degree.
In [9] [10], the author proved the following theorem:
Theorem 2.8. LetM be a cusped hyperbolic 3-manifold and X be its A-polynomial.
Then the height of any Dehn filling point of X is uniformly bounded.
2.5. Anomalous Subvarieties
In this section, we identifyGn with the non-vanishing of the coordinates x1, . . . , xn
in the affine n-space Qn or Cn (i.e. Gn = (Q∗)n or (C∗)n). An algebraic subgroup
HΛ of G
n is defined as the set of solutions satisfying equations xa11 · · ·xann = 1
where the vector (a1, . . . , an) runs through a lattice Λ ⊂ Zn. If Λ is primitive,
then we call HΛ an irreducible algebraic subgroup or algebraic torus. By a coset
K, we mean a translate gH of some algebraic subgroup H by some g ∈ Gn. For
more properties of algebraic subgroups and Gn, see [5].
Definition 2.9. An irreducible subvariety Y of X is anomalous if it has positive
dimension and lies in a coset K in Gn satisfying
dim X + dim K − n+ 1 ≤ dim Y.
If K is an algebraic subgroup, then we call Y a torsion anomalous subvariety of
X .
The quantity dim X + dim K−n is what one would expect for the dimension
of X ∩ K when X and K were in general position. Thus one can understand
anomalous subvarieties of X as the ones that are unusually large intersections
with cosets of algebraic subgroups of Gn.
Definition 2.10. The deprived set X oa (resp. X ta) is what remains of X after
removing all anomalous subvarieties (resp. all torsion anomalous subvarieties).
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Definition 2.11. An anomalous subvariety of X is maximal if it is not contained
in a strictly larger anomalous subvariety of X .
The following theorem due to Bombieri-Masser-Zannier tells us the structure
of anomalous subvarieties [3].
Theorem 2.12. Let X be an irreducible variety in Gn of positive dimension
defined over Q.
(a) For any torus H with
1 ≤ n− dim H ≤ dim X , (2.18)
the union ZH of all subvarieties Y of X contained in any coset K of H with
dim H = n− (1 + dim X ) + dim Y (2.19)
is a closed subset of X , and the product HZH is not Zariski dense in Gn.
(b) There is a finite collection Ψ = ΨX of such tori H such that every maximal
anomalous subvariety Y of X is a component of X ∩ gH for some H in Ψ
satisfying (2.18) and (2.19) and some g in ZH . Moreover X oa is obtained from
X by removing the ZH of all H in Ψ, and thus it is open in X with respect to
the Zariski topology.
Now we restrict our attention to A-polynomials of hyperbolic 3-manifolds.
Let X be the A-polynomial of an n-cusped hyperbolic 3-manifold. If logNX is
defined by (2.7), then, for each i (1 ≤ i ≤ n),
ui = 0 ⇐⇒ vi = 0.
Thus Mi = 1 is equivalent to Li = 1 over X , implying
X ∩ (Mi = Li = 1)
is an anomalous subvariety of X .
Since we are only interested in NX , we further refine Definition 2.9 as follows:
Definition 2.13. Let X be a generalized A-polynomial in Gn and NX be its Dehn
filling subset. For an algebraic coset K, we say NX intersects K anomalously
(or NX ∩K is an anomalous subset of NX ) if
dim NX + dim K − n+ 1 ≤ dim (NX ∩K).
3. Preliminary Results
In this section, we prove several lemmas and theorems will play key roles in the
proofs of the main theorems.
3.1. Torsion openess conjecture
As mentioned in Introduction, the following conjecture was proposed by Bombieri-
Masser-Zannier [3]:
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Conjecture 3 (Torsion openess conjecture). Let X be an algebraic variety and
{Hi}i∈I be the set of algebraic subgroups such that X ∩Hi is an anomalous sub-
variety of X . Then there exist a finite number of algebraic subgroups K1, . . . ,Km
such that ⋃
i∈I
X ∩Hi ⊂
m⋃
j=1
X ∩Kj
We resolve this conjecture locally near the identity for the A-polynomial of
any cusped hyperbolic 3-manifold.
Theorem 3.1. Let X be a generalized A-polynomial such that
X ⊂ C2n(:= (M1, L1, . . . ,Mn, Ln)).
Let {Hi}i∈I be the set of algebraic subgroups intersecting NX anomalously. Then
there exists a finite number of algebraic subgroups K1, . . . ,Km such that⋃
i∈I
NX ∩Hi ⊂
m⋃
j=1
NX ∩Kj .
Proof of the theorem. Let H ∈ {Hi}i∈I be defined by
Ma111 L
b11
1 · · ·Ma1nn Lb1nn = 1,
· · ·
Mak11 L
bk1
1 · · ·Maknn Lbknn = 1.
Then NX ∩H is locally biholomorphic to the complex manifold defined by
a11u1 + b11v1 + · · ·+ a1nun + b1nvn = 2piim1,
· · ·
ak1u1 + bk1v1 + · · ·+ aknun + bknvn = 2piimk
(3.1)
where m1, . . . ,mk ∈ Z. For mi 6= 0, dividing the ith equation of (3.1) by mi if
necessary, we assume the equations in (3.1) are normalized as
a′11u1 + b
′
11v1 + · · ·+ a′1nun + b′1nvn = 2pii1,
· · ·
a′k1u1 + b
′
k1v1 + · · ·+ a′knun + b′knvn = 2piik
(3.2)
where i ∈ {0, 1} and a′ij , b′ij ∈ Q.
If i = 0 for all i, then NX ∩ H is an anomalous subset of NX containing
(1, . . . , 1). By Theorem 2.12, since there are only finitely many maximal anoma-
lous subvarieties of X containing (1, . . . , 1), we get the desired result.
Otherwise, without loss of generality, we assume i = 1 for 1 ≤ i ≤ l and
i = 0 for l + 1 ≤ i ≤ k . Then (3.2) is equivalent to
a′11u1 + b
′
11v1 + · · ·+ a′1nun + b′1nvn = 2pii,
a′i1u1 + b
′
i1v1 + · · ·+ a′inun + b′invn = a′11u1 + b′11v1 + · · ·+ a′1nun + b′1nvn (for 2 ≤ i ≤ l),
a′i1u1 + b
′
i1v1 + · · ·+ a′inun + b′invn = 0 (for l + 1 ≤ i ≤ k).
(3.3)
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Let H ′ be an algebraic subgroup of codimension k − 1 defined by
M
ci(a
′
i1−a′11)
1 L
ci(b
′
i1−b′11)
1 · · ·M
ci(a
′
in−a′1n)
n L
ci(b
′
in−b′1n)
n = 1 (for 2 ≤ i ≤ l),
M
cia
′
i1
1 L
cib
′
i1
1 · · ·M
cia
′
in
n L
cib
′
in
n = 1 (for l + 1 ≤ i ≤ k)
where ci is an integer such that
ci(a
′
i1 − a′11, b′i1 − b′11, . . . , a′in − a′1n, b′in − b′1n) ∈ Z2n (2 ≤ i ≤ l),
ci(a
′
i1, b
′
i1, . . . a
′
in, b
′
in) ∈ Z2n (l + 1 ≤ i ≤ k).
Then log(NX ∩H ′) is the complex manifold defined by
(a′i1 − a′11)u1 + (b′i1 − b′11)v1 + · · ·+ (a′in − a′1n)un + (b′in − b′1n)vn = 0 (2 ≤ i ≤ l),
a′i1u1 + b
′
i1v1 + · · ·+ a′inun + b′invn = 0 (l + 1 ≤ i ≤ k).
(3.4)
SinceNX∩H is an anomalous subset ofNX , the dimension of log(NX∩H) defined
by (3.3) strictly bigger than n − k. Since log(NX ∩ H ′) contains (0, . . . , 0), we
have
dim
(
log(NX ∩H ′)
)
= dim
(
log(NX ∩H)
)
+ 1 > n− k + 1.
In conclusion, NX ∩H ′ is also an anomalous subset of NX containing (1, . . . , 1).
By Theorem 2.12, there are only finitely many maximal anomalous subsets of
NX containing (1, . . . , 1) and so we get the desired result. 
The following theorem was proved by Bombieri-Masser-Zannier in [2]:
Theorem 3.2. Let X be a variety in Gn of dimension k ≤ n−1 defined over Q.
Then for any B ≥ 0 there are at most finitely many points P in X ta(Q)∩Hn−k−1
with h(P ) ≤ B where Hn−k−1 is the set of algebraic subgroups of dimension
n− k − 1 (or codimension k + 1).
Combining the above theorem with Theorems 2.8 and 3.1, we finally get the
following theorem, which will be crucial in the proofs of the main theorems.
Theorem 3.3. Let X be a generalized A-polynomial and {Pi}i∈N be a set of
Dehn filling points in NX such that
lim
i→∞
Pi = (1, . . . , 1).
If each Pi is contained in an algebraic subgroup of codimension n+ 1, then there
exist a finite number of algebraic subgroups K1, . . . ,Km such that
Pi ∈
m⋃
j=1
NX ∩Kj
for all Pi except for possibly finitely many.
Proof. By Theorem 2.8, the height of Pi is uniformly bounded. By Theorem 3.2,
possibly except for finitely many, most Pi are contained in torsion anomalous
subsets of NX . Now the conclusion follows from Theorem 3.1. 
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3.2. Miscellaneous Lemmas
In this subsection, we prove two lemmas required for the proof of the main
theorems. The proofs of these lemmas are purely computational and elementary,
and so a trusting reader can skip ahead at first reading.
Lemma 3.4. Let (
a1 b1 c1 d1
a2 b2 c2 d2
)
(3.5)
be an integer matrix of rank 2, and τ be a non-quadratic number. If the rank of
the following (2× 2)-matrix(
a1 + b1τ c1 + d1τ
a2 + b2τ c2 + d2τ
)
(3.6)
is equal to 1, then (3.5) is either of the following forms:(
a1 b1 ma1 mb1
a2 b2 ma2 mb2
)
(3.7)
for some m ∈ Q or (
0 0 c1 d1
0 0 c2 d2
)
. (3.8)
Note that since (3.5) is a matrix of rank 2, a1b2 − a2b1 6= 0 in (3.7) and
c1d2 − c2d1 6= 0 in (3.8).
Proof. Since the rank of (3.6) is 1, we have
(a1 + b1τ)(c2 + d2τ) = (a2 + b2τ)(c1 + d1τ).
By the assumption, τ is not quadratic, so
a1c2 = a2c1, (3.9)
b1d2 = b2d1, (3.10)
b1c2 + a1d2 = a2d1 + b2c1. (3.11)
(1) If none of ai, bi, ci, di (i = 1, 2) are zero, then there exist m,n ∈ Q such
that
(a1, a2) = m(c1, c2), (b1, b2) = n(d1, d2). (3.12)
By (3.11), we get
nd1c2 +mc1d2 = mc2d1 + nd2c1,
which is equivalent to
(n−m)(d1c2 − d2c1) = 0.
(a) If m = n, then (3.5) is of the form given in (3.7).
(b) If d1c2 − d2c1 = 0, then there exists l ∈ Q such that l(d1, d2) =
(c1, c2). Combining with (3.12), we get
(a1, a2) = m(c1, c2) = ml(d1, d2) = mln(b1, b2).
This implies that (a1, b1, c1, d1) = t(a2, b2, c2, d2) for some t ∈ Q,
and it contradicts the fact that (3.5) is a matrix of rank 2.
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One of ai, bi, ci, di is equal to 0. By symmetry, it is enough to consider the case
a1 = 0. If a1 = 0, then a2 = 0 or c1 = 0 by (3.9).
(1) If a1 = a2 = 0, then, by (3.10) and (3.11), we get
b1d2 = b2d1, b1c2 = b2c1. (3.13)
(a) If none of bi, ci, di are zero, then (b1, b2) = m(c1, c2) and (b1, b2) =
n(d1, d2) for some n,m ∈ Q. But this contradicts the fact (3.5) is a
matrix of rank 2.
(b) Suppose b1 = 0 or b2 = 0. Without loss of generality, we assume
b1 = 0. By (3.13), if b2 6= 0, then c1 = d1 = 0 and so a1 = b1 = c1 =
d1 = 0. But this contradicts the fact that (3.5) is a matrix of rank
2. Thus b2 = 0 and the matrix (3.5) is of the following form:(
0 0 c1 d1
0 0 c2 d2
)
,
which is the case given in (3.8).
(c) Suppose b1, b2 6= 0 and one of ci, di is zero. Without loss of general-
ity, we consider c1 = 0. Then, by (3.13), c2 = 0. Since b1d2 = d1b2,
we have l(b1, b2) = (d1, d2) for some l ∈ Q. But this contradicts the
fact that the rank of (3.5) is 2.
(2) If a1 = c1 = 0, then
b1d2 = b2d1, b1c2 = a2d1. (3.14)
(a) If none of bi, di, c2, d2 are zero, thenm(b1, d1) = (b2, d2) and n(b1, d1) =
(a2, c2) for some m,n ∈ Q. So the matrix (3.5) is of the following
form (
0 b1 0 d1
nb1 mb1 nd1 md1
)
,
which is of the form given in (3.7).
(b) If b1 = 0, then a1 = b1 = c1 = 0. Since (3.5) is a matrix of rank
2, we assume d1 6= 0. Then, by (3.14), we have a2 = b2 = 0 and so
(3.5) is of the form given in (3.8).
(c) If d1 = 0, then a1 = c1 = d1 = 0. Since (3.5) is a matrix of rank
2, we assume b1 6= 0. Then, by (3.14), we have c2 = d2 = 0 and so
(3.5) is of the form given in (3.7).
(d) If b2 = 0 (with b1 6= 0), then d2 = 0 by (3.14). Since we already
dealt with the cases a2 = 0 or d1 = 0 above, we assume a2 6= 0 and
d1 6= 0. By (3.14), we have m(b1, d1) = (a2, c2) for some m ∈ Q, and
so (3.5) is of the following form(
0 b1 0 d1
mb1 0 md1 0
)
,
which is the case given in (3.7).
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(e) If d2 = 0, then b2 = 0 or d1 = 0 by (3.14). But we already considered
these two cases above.
(f) If c2 = 0, then a2 = 0 or d1 = 0 by (3.14). We also covered these
cases above.

Lemma 3.5. Let (
a1 b1 c1 d1
a2 b2 c2 d2
)
(3.15)
be an integer matrix of rank 2, and τ1, τ2 be algebraic numbers such that 1, τ1, τ2, τ1τ2
are linearly independent over Q. If the rank of the following (2× 2)-matrix(
a1 + b1τ1 c1 + d1τ2
a2 + b2τ1 c2 + d2τ2
)
(3.16)
is equal to 1, then (3.15) is either(
a1 b1 0 0
a2 b2 0 0
)
(3.17)
or (
0 0 c1 d1
0 0 c2 d2
)
. (3.18)
Proof. Since the rank of (3.16) is 1, and as 1, τ1, τ2, τ1τ2 are linearly independent
over Q, we have
a1c2 − c1a2 = 0, (3.19)
b1c2 − c1b2 = 0, (3.20)
a1d2 − d1a2 = 0, (3.21)
b1d2 − d1b2 = 0. (3.22)
If none of ai, bi, ci, di (i = 1, 2) are zero, then (3.19)-(3.22) imply the two nonzero
vectors (a1, b1, c1, d1) and (a2, b2, c2, d2) are linearly dependent over Q. But this
is impossible because (3.15) is a matrix of rank 2. Without loss of generality, let
us assume a1 = 0. Then, by (3.19) and (3.21), we have the following two cases:
(1) a2 = 0.
In this case, the problem is reduced to the following:
b1c2 − c1b2 = 0, (3.23)
b1d2 − d1b2 = 0, (3.24)
Similar to above, if none of bi, ci, di (i = 1, 2) are zero, then (b1, c1, d1)
and (b2, c2, d2) are linearly dependent over Q by (3.23) and (3.24), con-
tradicting the fact that (3.15) is a matrix of rank 2. So at least one of
bi, ci, di (i = 1, 2) is zero and the situation is divided into the following
two subcases.
(a) b1 = 0 or b2 = 0.
By symmetry, it is enough to consider the case b1 = 0. If b1 = 0,
then b2 = 0 or c1 = 0 by (3.23) and b2 = 0 or d1 = 0 by (3.24). If
b2 = 0, then we get the desired result (i.e. a1 = a2 = b1 = b2 = 0).
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Otherwise, if c1 = d1 = 0, it contradicts the fact that (a1, b1, c1, d1)
is a nonzero vector.
(b) c1 = 0 or c2 = 0 or d1 = 0 or d2 = 0 (with b1, b2 6= 0).
Here, also by symmetry, it is enough to consider the first case c1 = 0.
If b1, b2 6= 0 and c1 = 0, then c2 = 0 by (3.23), and (d1, d2) =
m(b1, b2) for some m ∈ Q by (3.24). But this contradicts the fact
that (3.15) is a matrix of rank 2.
(2) a2 6= 0 and so c1 = d1 = 0.
Since (a1, b1, c1, d1) is a nonzero vector, b1 is nonzero and c2 = d2 = 0
by (3.20) and (3.22). As a result, we get c1 = c2 = d1 = d2 = 0, which is
the second desired result of the statement.
So the lemma holds. 
4. Main Result I
In this section, we prove Theorems 1.4 and 1.14. As mentioned earlier, we formu-
late and prove a more general statement, Theorem 4.2, and then two theorems
will follow as corollaries of this general one.
Before proving Theorem 4.2, let us start with the following lemma.
Lemma 4.1. Let
X ⊂ C2n+2m(:= (M1, L1, . . . ,Mn+m, Ln+m))
be a generalized A-polynomial in χ
(k)
n+m and
τ1, . . . , τn, τn+1(= τ1), . . . , τn+m(= τm) (n ≥ m)
be the cusp shapes of X with
τ1, . . . , τn
non-symmetric. If H is an algebraic subgroup of codimension 2 such that NX ∩H
is an anomalous subset of NX containing (1, . . . , 1), then NX ∩H is contained
in either
Mi = Li = 1 (1 ≤ i ≤ n+m) (4.1)
or
Mai = M
b
n+i, L
a
i = L
b
n+i (1 ≤ i ≤ m) (4.2)
for some a, b ∈ Z.
Proof. Let H be defined by
Ma111 L
b11
1 · · ·M
a1(n+m)
n+m L
b1(n+m)
n+m = 1,
Ma211 L
b21
1 · · ·M
a2(n+m)
n+m L
b2(n+m)
n+m = 1.
(4.3)
If the holomorphic representations of logNX are given as
vi = τiui + higher degrees (1 ≤ i ≤ n+m),
then NX ∩H is biholomorphic to the complex manifold defined by
a11u1 + b11(τ1u1 + · · · ) + · · ·+ a1(n+m)un+m + b1(n+m)(τmun+m + · · · ) = 0,
a21u1 + b21(τ1u1 + · · · ) + · · ·+ a2(n+m)un+m + b2(n+m)(τmun+m + · · · ) = 0.
(4.4)
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Since NX ∩ H is an anomalous subset of NX , (4.4) is a complex manifold of
dimension (n+m− 1). Thus the rank of(
a11 + b11τ1 · · · a1(n+m) + b1(n+m)τm
a21 + b21τ1 · · · a2(n+m) + b2(n+m)τm
)
, (4.5)
which is the Jacobian of (4.4) at (0, . . . , 0), is equal to 1.
(1) Suppose
det
(
a1i b1i
a2i b2i
)
6= 0 (4.6)
for some 1 ≤ i ≤ n+m. We further spilt the problem into the following
two subcases.
(a) First assume 1 ≤ i ≤ m or n + 1 ≤ i ≤ n + m. Without loss of
generality, let i = 1. Since the rank of(
a11 + b11τ1 a1j + b1jτj
a21 + b21τ1 a2j + b2jτj
)
(4.7)
is 1 for any j (1 ≤ j ≤ n+m), we get
a1j = b1j = a2j = b2j = 0 (j 6= 1, n+ 1) (4.8)
by Lemma 3.5 and(
a1(n+1) b1(n+1)
a2(n+1) b2(n+1)
)
=
(
la11 lb11
la21 lb21
)
(4.9)
for some l ∈ Q by Lemma 3.4.
(b) If m+ 1 ≤ i ≤ n, since the rank of(
a1i + b1iτi a1j + b1jτj
a2i + b2iτi a2j + b2jτj
)
(4.10)
is 1 for any j (1 ≤ j ≤ n+m), we get
a1j = b1j = a2j = b2j = 0 (4.11)
for all j(6= i) by Lemma 3.5.
(2) Suppose
det
(
a1i b1i
a2i b2i
)
= 0 (4.12)
for every i (1 ≤ i ≤ n + m). Without loss of generality, suppose a11 +
τ1b11 6= 0 and a21 = b21 = 0. If
a1i = b1i = a2i = b2i = 0
for all 2 ≤ i ≤ n+m, then it contradicts the fact that H is an algebraic
subgroup of codimension 2. If there exists i (2 ≤ i ≤ n+m) such that(
a1i + τib1i
a2i + τib2i
)
6=
(
0
0
)
, (4.13)
then a2i = b2i = 0 by Lemmas 3.4 and 3.5, again contradicting the fact
that H is an algebraic subgroup of codimension 2.
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In conclusion, we get (4.3) is either one of the following forms:
Ma1ii L
b1i
i = 1
Ma2ii L
b2i
i = 1
(4.14)
for some 1 ≤ i ≤ n+m or
Maa1ii L
ab1i
i M
ba1i
n+iL
bb1i
n+i = 1,
Maa2ii L
ab2i
i M
ba2i
n+iL
bb2i
n+i = 1
(4.15)
for some 1 ≤ i ≤ m and a, b ∈ Z. Since a1ib2i − a2ib1i 6= 0, the components of
(4.14) and (4.15) containing (1, . . . , 1) are
Mi = Li = 1 (1 ≤ i ≤ n+m) (4.16)
and
Mai M
b
n+i = L
a
iL
b
n+i = 1 (1 ≤ i ≤ m) (4.17)
respectively. This completes the proof. 
Remark: Note that, in the statement of Lemma 4.1, there are only finitely
many choices for a, b by Theorem 2.12. (One can also prove this directly from
aui = bun+i ⇐⇒ avi = bvn+i
using the representations of vi, vn+i.) We will use this fact in the proof of the
main theorem below.
Now we prove the main statement. Note that Theorem 1.4 (resp. Theorem
1.14) is obtained by letting n = m (resp. m = 0) in the following theorem.
Theorem 4.2. Let X be the same as in Lemma 4.1. Let Pi (i ∈ N) be a
(pi1/qi1, . . . , pi(n+m)/qi(n+m))-Dehn filling point in NX satisfying4
Pi → (1, . . . , 1) as i→∞ (4.18)
and
{ti1, . . . , ti(n+m)}
be the set of holonomies of Pi (i ∈ N). If
n∏
j=1
(tij)
aij =
n+m∏
j=n+1
(tij)
aij (aij ∈ Z, i ∈ N), (4.19)
then, for i sufficiently large, we have
(tij)
aij = (ti(n+j))
ai(n+j) (1 ≤ j ≤ m),
aij = 0 (m+ 1 ≤ j ≤ n). (4.20)
Moreover, if aij 6= 0, then
pij/qij = pi(n+j)/qi(n+j),
and there exists a finite subset Sj ⊂ Q depending only on X such that
aij/ai(n+j) ∈ Sj .
4Note that (4.18) impllies
|pij |+ |qij | → ∞ as i→∞
for each j (1 ≤ j ≤ n+m).
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Proof of Theorem 4.2. Recall Pi is an intersection point between X and an al-
gebraic subgroup defined by
Mpi11 L
qi1
1 = 1, . . . ,M
pi(n+m)
n+m L
qi(n+m)
n+m = 1. (4.21)
By (2.4), (4.19) corresponds to
n∏
j=1
(M
rij
j L
sij
j )
aij =
n+m∏
j=n+1
(M
rij
j L
sij
j )
aij (4.22)
where pijsij − qijrij = 1 (i ∈ N, 1 ≤ j ≤ n + m). So Pi is an intersection point
between NX and an algebraic subgroup of codimension n+m+ 1. By Theorem
3.3, there exists a finite number of algebraic subgroups K1, . . . ,Kl such that
NX ∩Kj (1 ≤ j ≤ l)
is an anomalous subset of NX and
Pi ∈
l⋃
j=1
NX ∩Kj
for all i sufficiently large. Without loss of generality, suppose l = 1,K := K1
and ⋃
i∈N
Pi ⊂ NX ∩K.
We prove the theorem by induction on n+m.
(1) If n+m = 2, we have either n = 2,m = 0 or n = m = 1.
(a) For n = 2,m = 0, by Lemma 4.1, NX ∩K is either contained in
M1 = L1 = 1
or
M2 = L2 = 1.
But either contradicts the fact that Dehn filling points are non-
elliptic.
(b) If n = m = 1, again by Lemma 4.1, NX ∩K is contained in
Ma1 = M
b
2 , L
a
1 = L
b
2 (4.23)
where a, b ∈ Z. Thus(
t−qi1i1
)a
=
(
t−qi2i2
)b
,
(
tpi1i1
)a
=
(
tpi2i2
)b
,
implying
qi2b
qi1a
=
pi2b
pi1a
=⇒ qi1
pi1
=
qi2
pi2
and
(ti1)
a = (ti2)
b (4.24)
for i sufficiently large. Finally, if ai1, ai2 6= 0, we have
ai1
ai2
=
a
b
by (4.24) (and (4.19)). Since there are only finitely many possibilities
for a, b, we get the desired result.
(2) Now suppose n+m ≥ 3 and the theorem holds for 2, . . . , n+m− 1.
20
(a) If K is of codimension 2, then, by Lemma 4.1, we get NX ∩ K is
contained in
Maj = M
b
n+j , L
a
j = L
b
n+j (4.25)
for some 1 ≤ j ≤ m and a, b ∈ Z. Without loss of generality, suppose
j = 1 and K is defined by
Ma1 = M
b
n+1, L
a
1 = L
b
n+1.
As shown previously, this implies
qi1
pi1
=
qi(n+1)
pi(n+1)
and
(ti1)
a = (ti(n+1))
b (4.26)
for i sufficiently large. Let
X1 := X ∩ (Ma1 = M bn+1)
and
Pr : (M1, L1, . . . ,Mn+m, Ln+m) −→ (M2, L2, . . . ,Mn+m, Ln+m).
Then Pr X1 is a generalized A-polynomial in χ(k+1)n+m−1 with the cusp
shapes
τ2, . . . , τn, τn+1(= τ1), . . . , τn+m(= τm),
and Pr Pi is a (pi2/qi2, . . . , pi(n+m)/qi(n+m))-Dehn filling point of
Pr X1 with the set of the holonomies
{ti2, . . . , ti(n+m)}.
By (4.26), (4.19) is reduced to
m∏
j=2
(tij)
aij = (ti(n+1))
ai(n+1)− baai1
n+m∏
j=n+2
(tij)
aij (i ∈ N). (4.27)
Since Pr X1 ∈ χ(k+1)n+m−1, by induction, we get
ai(n+1) −
b
a
ai1 = 0,
(tij)
aij = (ti(n+j))
ai(n+j) (2 ≤ j ≤ m),
aij = 0 (m+ 1 ≤ j ≤ n)
(4.28)
for i sufficiently large. If ai(n+1) = ai1 = 0, then we are done.
Otherwise,
ai(n+1) −
b
a
ai1 = 0 =⇒ b
a
=
ai(n+1)
ai1
.
Since there are only finitely many possibilities for a and b, we get
the desired result.
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(b) Now suppose codimen K ≥ 3. Applying Gauss elimination if neces-
sary, we assume K is defined by the following types of equations:
Ma111 L
b11
1 · · ·M
a1(n+m)
n+m L
b1(n+m)
n+m = 1,
Lb211 · · ·M
a2(n+m)
n+m L
b2(n+m)
n+m = 1,
Ma322 L
b32
2 · · ·M
a3(n+m)
n+m L
b3(n+m)
n+m = 1,
· · · .
(4.29)
Without loss of generality, we further suppose (a11, b11) 6= (0, 0).5
Let
X1 := X ∩ (Ma111 Lb111 · · ·M
a1(n+m)
n+m L
b1(n+m)
n+m = 1)
and
Pr : (M1, L1, . . . ,Mn+m, Ln+m) −→ (M2, L2, . . . ,Mn+m, Ln+m).
Then Pr X1 is a generalized A-polynomial in χ(k+1)n+m−1 with cusp
shapes
τ2, . . . , τn, τn+1(= τ1), . . . , τn+m(= τm),
and Pr Pi (i ∈ N) is a (pi2/qi2, . . . , pi(n+m)/qi(n+m))-Dehn filling
point of Pr X1 with the set of the holonomies
{ti2, . . . , ti(n+m)}.
The third equation in (4.29) implies the holonomies of Pr Pi are
multiplicatively dependent, so, by induction, there exists some j
(2 ≤ j ≤ m) and a finite set Sj of rational numbers such that
pij
qij
=
pi(n+j)
qi(n+j)
(4.30)
and
tij = (ti(n+j))
r (4.31)
for all sufficiently large i with some r(= b/a) ∈ Sj . Without loss of
generality, suppose j = 2. Then (4.30) and (4.31) imply
(ti2)
−qi2 =
(
(ti(n+2))
−qi(n+2))r, (ti2)pi2 = ((ti(n+2))pi(n+2))r
and so
Pi ∈ (Ma2 = M bn+2, La2 = Lbn+2)
for i sufficiently large. Let
X2 := X ∩ (Ma2 = M bn+2)
and
Pr : (M1, L1, . . . ,Mn+m, Ln+m) −→ (M1, L1,M3, L3, . . . ,Mn+m, Ln+m).
5If a11 = b11 = 0, then we apply Gauss elimination again.
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Then Pr X2 is a generalized A-polynomial in χ(k+1)n+m−1 and Pr Pi is
a (pi1/qi1, pi3/qi3, . . . , pi(n+m)/qi(n+m))-Dehn filling point of Pr X2
with
{ti1, ti3, . . . , ti(n+m)}
the set of the holonomies of Pr Pi. By (4.31), (4.19) is reduced to
(ti1)
ai1
m∏
j=3
(tij)
aij = (ti(n+1))
ai1(ti(n+2))
ai(n+2)−rai2
n+m∏
j=n+3
(tij)
aij (i ∈ N).
(4.32)
By induction,
ai(n+2) − rai2 = 0,
(tij)
aij = (ti(n+j))
ai(n+j) (j = 1 or 3 ≤ j ≤ m),
aij = 0 (m+ 1 ≤ j ≤ n)
(4.33)
for i sufficiently large. If ai(n+2) = ai2 = 0, then we are done.
Otherwise,
ai(n+2) − rai2 = 0 =⇒ r =
ai(n+2)
ai2
.
Since there are only finitely many possibilities for r, we get the
desired result.

5. Main Result II
This section is devoted to the proof of Theorem 1.12. The basic strategy of the
proof is similar to that of the proof of Theorem 4.2 in the previous section.
LetM be a 1-cusped hyperbolic 3-manifold having non-quadratic cusp shape
and X be its A-polynomial. For
X (n) := X × · · · × X ⊂ C2n(:= (M1, L1, . . . ,Mn, Ln)),
which is the product of n identical copies of X , we consider it as the A-polynomial
of an n-cusped hyperbolic 3-manifold.
The following lemma is a refined version of Lemma 4.1.
Lemma 5.1. Let X (n) be as above. Let H is an algebraic subgroup of codi-
mension 2. If NX (n) ∩H is an (n − 1)-dimensional anomalous subset of NX (n)
containing (1, . . . , 1), then NX (n) ∩H is either contained in
Mi = Li = 1 (1 ≤ i ≤ n)
or
Mi = Mj , Li = Lj (1 ≤ i 6= j ≤ n)
or
Mi = M
−1
j , Li = L
−1
j (1 ≤ i 6= j ≤ n).
Before proving the lemma, we cite the following, which is Lemma 2.3 in [12].
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Lemma 5.2. LetM be a 1-cusped hyperbolic 3-manifold and X be its A-polynomial.
If
v = c1u+ c3u
3 + · · · . (5.1)
is the holomorphic representation of logNX , then there exists i (i ≥ 2) such that
c2i−1 6= 0. In other words, (5.1) is not linear.
Proof of Lemma 5.1. Let H be defined by
Ma111 L
b11
1 · · ·Ma1nn Lb1nn = 1,
Ma211 L
b21
1 · · ·Ma2nn Lb2nn = 1.
Since X (n) is the product of n copies of X , the holomorphic representations of
logNX (n) are
vi = τui + h(ui) (1 ≤ i ≤ n)
where h is a non-trivial (by Lemma 5.2) holomorphic function of degree ≥ 3.
Now NX (n) ∩H is biholomorphic to the complex manifold defined by
a11u1 + b11(τu1 + h(u1)) + · · ·+ a1nun + b1n(τun + h(un)) = 0,
a21u1 + b21(τu1 + h(u1)) + · · ·+ a2nun + b2n(τun + h(un)) = 0. (5.2)
Since NX (n) ∩ H is an (n − 1)-dimensional anomalous subset of NX (n) , (5.2) is
an (n− 1)-dimensional complex manifold. Thus the rank of(
a11 + b11τ · · · a1n + b1nτ
a21 + b21τ · · · a2n + b2nτ
)
, (5.3)
which is the Jacobian of (5.2) at (0, . . . , 0), is equal to 1. Without loss of gener-
ality, suppose6
det
(
a11 b11
a21 b21
)
6= 0. (5.5)
Since the rank of
det
(
a11 + τb11 a1i + τb1i
a21 + τb21 a2i + τb2i
)
(5.6)
is 1 for any i (2 ≤ i ≤ n), by Lemma 3.4, we get(
a1i b1i
a2i b2i
)
=
(
lia11 lib11
lia21 lib21
)
(li ∈ Q) (5.7)
for each i (2 ≤ i ≤ n). Now (5.2) is
a11u1 + b11(τu1 + h(u1)) +
n∑
i=2
li
(
a11ui + b11(τui + h(ui))
)
= 0,
a21u1 + b21(τu1 + h(u1)) +
n∑
i=2
li
(
a21ui + b21(τui + h(ui))
)
= 0
(5.8)
6If
det
(
a1i b1i
a2i b2i
)
= 0 (5.4)
for all 1 ≤ i ≤ n, it contradicts the fact that H is an algebraic subgroup of codimension 2 (as
seen in the proof of Lemma 4.1).
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and, since a11b21 − a21b11 6= 0, it is equivalent to
u1 +
n∑
i=2
liui = 0,
τu1 + h(u1) +
n∑
i=2
li(τui + h(ui)) = 0.
(5.9)
Since (5.9) defines an (n − 1)-dimensional complex manifold, two equations in
(5.9) are equivalent to each other. That is, if
u1 = −
n∑
i=2
liui,
then
τ
(− n∑
i=2
liui
)
+ h
(− n∑
i=2
liui
)
+
n∑
i=2
li(τui + h(ui))
= h
(− n∑
i=2
liui
)
+
n∑
i=2
lih(ui)
(5.10)
is the zero polynomial. Let
h(uj) =
∞∑
j=k
cju
k
j
where ck 6= 0 (k ≥ 3). Then the part of homogeneous degree k in (5.10) is
ck
(− n∑
i=2
liui
)k
+ ck
n∑
i=2
liu
k
i . (5.11)
It is easy to check (5.11) is the zero polynomial iff
li 6= 0
for at most one i (2 ≤ i ≤ n).
(1) If li = 0 for all i (2 ≤ i ≤ n), then NX (n) ∩H is contained in
M1 = L1 = 1.
(2) Suppose li 6= 0 for only one i and, without loss of generality, we assume
l2 6= 0 and li = 0 for all 3 ≤ i ≤ n. Then (5.11) is
ck(−l2u2
)k
+ ckl2u
k
2. (5.12)
Since k is odd, (5.12) is the zero polynomial iff l2 = ±1. In other words,
NX (n) ∩H is contained in either
M1 = M2, L1 = L2
or
M1 = M
−1
2 , L1 = L
−1
2 .
This completes the proof.

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The following lemma is an analogue of Theorem 4.2 and the strategy of the
proof is the similar to that of Theorem 4.2 using induction.
Lemma 5.3. Let X (n) be the same as above. For |pi|+|qi| (1 ≤ i ≤ n) sufficiently
large, if the holonomies of a (p1/q1, . . . , pn/qn)-Dehn filling point of X (n) are
rationally dependent, then there exist k, l (1 ≤ k 6= l ≤ n) such that
pk/qk = pl/ql.
Proof. More generally, suppose there exists {Pi}i∈N such that, for each i ∈ N, Pi
is a (pi1/qi1, . . . , pi(n+m)/qi(n+m))-Dehn filling point of X (n) and
Pi → (1, . . . , 1) as i→∞. (5.13)
We further assume the holonomies of each Pi are rationally dependent. By
Theorem 3.3, there are finitely many algebraic subgroups K1, . . . ,Km such that
Pi ⊂
m⋃
j=1
NX (n) ∩Kj
for i sufficiently large. Without loss of generality, suppose m = 1 and K := K1.
We claim that, for each i sufficiently large, there are k, l (1 ≤ k 6= l ≤ n) such
that
pik/qik = pil/qil.
We prove it by induction on n.
(1) For n = 2, since every anomalous subvariety is maximal and of codimen-
sion 1, NX (2) ∩K is contained in either
M1 = M2, L1 = L2
or
M1 = M
−1
2 , L1 = L
−1
2
by Lemma 5.1. In either case, it implies
pi1/qi1 = pi2/qi2
for all i sufficiently large.
(2) Now let us assume n ≥ 3 and the claim is true up to n− 1.
(a) If NX (n)∩K is an anomalous subset of NX (n) of codimension 1, again
by Lemma 5.1, we easily get the desired result.
(b) Now suppose NX (n)∩K is an anomalous subset of NX (n) of codimen-
sion ≥ 2. Without loss of generality, by applying Gauss elimination
if necessary, assume K is defined by
Ma111 L
b11
1 . . .M
a1n
n L
b1n
n = 1,
Lb211 M
a22
2 . . .M
a2n
n L
b2n
n = 1,
Ma322 L
b32
2 . . .M
a3n
n L
b3n
n = 1,
· · · .
(5.14)
Let
X (n−1) := X × · · · × X
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be the product of (n − 1)-copies of X . Then the third equation
in (5.14) implies the holonomies of a (pi2/qi2, . . . , pin/qin)-Dehn fill-
ing point of X (n−1) are rationally dependent. By induction, for i
sufficiently large, we get k, l (2 ≤ k 6= l ≤ n) such that
pik/qik = pil/qil.
This completes the proof.

Finally we prove Theorem 1.12 which is restated below for reader’s conve-
nience.
Theorem 5.4. LetM be a 1-cusped hyperbolic 3-manifold having non-quadratic
cusp shape and Mp/q be its p/q-Dehn filling. For n > 0, if
{p1/q1, . . . , pn/qn}
is n distinct Dehn filling coefficients with |pi|+ |qi| (1 ≤ i ≤ n) sufficiently large,
then there are no ai ∈ Q\{0} (1 ≤ i ≤ n) such that
a1pvolCMp1/q1 + · · ·+ anpvolCMpn/qn ≡ 0 mod ipi2Z.
Proof. On the contrary, suppose there exists a family
{Mpi1/qi1 , . . . ,Mpin/qin}i∈N (5.15)
of infinitely many n distinct hyperbolic Dehn fillings of M such that
n∑
k=1
aikpvolMpik/qik ≡ 0 mod ipi2Z (aik ∈ Z\{0}). (5.16)
For each k (1 ≤ k ≤ n), we further suppose
lim
i→∞
|pik|+ |qik| =∞. (5.17)
Since
pvol (Mpik/qik) ≡ volM−
pi
2
log tpik/qik mod ipi
2Z
where tpik/qik is the holonomy of M(pik/qik), (5.16) implies
n∑
k=1
aik
(
volM− pi
2
log tpik/qik
) ≡ 0 mod ipi2Z (5.18)
and so
volM
n∑
k=1
aik − pi
2
n∑
k=1
(
aik log tpik/qik
) ≡ 0 mod ipi2Z. (5.19)
(1) First if
n∑
k=1
aik = 0, (5.20)
then
n∑
k=1
aik log tpik/qik ≡ 0 mod 2piiZ (5.21)
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and this is equivalent to
n∏
k=1
taikpik/qik = 1. (5.22)
Let X be the A-polynomial of M and
X (n) := X × · · · × X .
For each i ∈ N, we consider
{tpi1/qi1 , . . . , tpin/qin} (5.23)
as the set of the holonomies of a (pi1/qi1, . . . , pin/qin)-Dehn filling point
of X (n). For each i ∈ N, since the elements in (5.23) are rationally
dependent by (5.22), if i is sufficiently large, we get k, l (1 ≤ k 6= l ≤ n)
such that
pik/qik = pil/qil
by Lemma 5.3. But this contradicts the assumption that (5.15) is a set
of infinitely many n-distinct Dehn fillings for each i ∈ N.
(2) Now suppose
n∑
k=1
aik 6= 0 (i ∈ N) (5.24)
and pick i, j ∈ N sufficiently large such that7
{pi1/qi1, . . . , pin/qin} 6= {pj1/qj1, . . . , pj1/qj1}. (5.25)
By (5.19),( n∑
k=1
ajk
)( n∑
k=1
aik log tpik/qik
)
≡
( n∑
k=1
aik
)( n∑
k=1
ajk log tpjk/qjk
)
mod 2piiZ
(5.26)
and this implies( n∏
k=1
taikpik/qik
)∑n
k=1 ajk
=
( n∏
k=1
t
ajk
pjk/qjk
)∑n
k=1 aik
. (5.27)
Similar to the previous case, let
X (2n)
be the product of 2n-copies of X and consider
{tpi1/qi1 , . . . , tpin/qin , tpj1/qj1 , . . . , tpjn/qjn}
as the set of the holonomies of a (pi1/qi1, . . . , pin/qin, pin/qin, . . . , pjn/qjn)-
Dehn filling point of X (2n). Again by Lemma 5.3, we get k, l (1 ≤ k, l ≤ n)
such that
pik/qik = pjl/qjl.
But this contradicts the assumption (5.25). This completes the proof.

7Note that there are infinitely many such pairs by the assumption (5.17).
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Appendix A. A simple proof of Corollary 1.6
by Ian Agol
In this note, we give a simple proof of Corollary 1.6. We only prove it for the
single cusped case, since it is just a matter of bookkeeping to generalize it to
multi-cusped cases.
Consider an orientable hyperbolic 3-manifold M with a single cusp. Take a
maximal horoball neighborhoodH of this cusp. Choosing longitude and meridian
coordinates for the torus ∂H, let M(p/q) denote the Dehn filling of M of slope
p/q. For |p|+ |q| sufficiently large,M(p/q) will be obtained by hyperbolic Dehn
filling onM in the sense of Thurston, and hence the core of the Dehn filling will
be a geodesic. Let tp/q denote the holonomy of this geodesic.
Theorem 5.5. Let M be a 1-cusped hyperbolic manifold whose cusp does not
admit a non-trivial (orientation-preserving) isometry. Then for |p| + |q| and
|p′|+ |q′| sufficiently large,
tp/q = tp′/q′
if and only if p/q = p′/q′.
Proof. The assumption on the cusp H means that any orientation-preserving
isometry of ∂H is a rotation or elliptic involution. Such isometries always pre-
serve isotopy classes of (unoriented) curves.
For |p| + |q| large enough, let γp/q be the core geodesic of the Dehn filling
M(p/q), with holonomy tp/q. Then for |p| + |q| large enough, there will be a
maximal embedded tubular neighborhood Tp/q of radius Rp/q about γp/q, such
that Tp/q converges geometrically to H as |p|+ |q| → ∞ in the pointed Gromov-
Hausdorff topology, where by convention we take basepoints to lie in ∂Tp/q and
∂H. Since ∂H does not admit a non-trivial orientation-preserving isometry,
then for |p|+ |q| large enough, ∂Tp/q will also not admit a non-trivial orientation
preserving isometry (since the moduli of tori admitting an isometry are two
isolated points in moduli space, the square and hexagonal tori).
Now, suppose tp/q = tp′/q′ for |p|+ |q| and |p′|+ |q′| large enough. Then for any
 > 0, we may choose them large enough so that |V ol(Tp/q) − V ol(H)| <  and
|V ol(Tp′/q′) − V ol(H)| < . Then for any δ > 0 we may choose the coefficients
large enough so that |Rp/q − Rp′/q′ | < δ, since V ol(Tp/q) is determined as a
continuous function of tp/q and Rp/q. Suppose (WLOG) that Rp/q < Rp′/q′ . Let
T ′p′/q′ be the tubular neighborhood of radius Rp/q about γp′/q′ in Mp′/q′ , which
is therefore isometric to Tp/q. Moreover, ∂T ′p′/q′ is arbitrarily close to ∂Tp′/q′ in
the Gromov-Hausdorff topology. Hence, we have two tori which are arbitrarily
close to ∂H in the Gromov-Hausdorff topology which are isometric. Since no
torus in a neighborhood of ∂H in moduli space admits a non-trivial symmetry,
this isometry must be trivial, and hence map the curve of slope p/q to the curve
of slope p′/q′, and hence p/q = p′/q′. 
Remark: The assumption that the cusps admit no symmetries is equivalent
to saying that the cusp shape does not correspond to the square torus (obtained
by identifying opposite sides of a square) or a hexagonal torus (obtained by iden-
tifying opposite sides of a regular hexagon). In turn, this implies that the cusp
shape does not lie in Q(i) or Q(
√−3) respectively.
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